Let G be a graph of order n and let S be a set of positive integers with |S| = n. Then G is said to be S-magic if there exists a bijection
Introduction
By a graph G = (V, E), we mean a finite undirected graph without loops, multiple edges or isolated vertices. For graph theoretic terminology we refer to West [6] .
Most of the graph labeling methods trace their origin to the concept of β-valuation introduced by Rosa [5] . For a general overview of recent developments on various types of graph labelings we refer to Gallian [3] .
Let G be a graph of order n. Let f : V (G) −→ {1, 2, . . . , n} be a bijection. Then the weight of a vertex v with respect to f is defined by W f (v) = x∈N (v) f (x). The labeling f is said to be distance magic if W f (v) = k, (a constant), for all vertices v ∈ V (G). If G admits such a labeling, then G is said to be a distance magic graph and k is called the magic constant of G. Many classes of graphs are shown to be distance magic and for details one may refer to Gallian [3] and Arumugam et al. [1] .
There are large classes of graphs which cannot be magic labelled with respect to the labeling set {1, 2, . . . , n}. For example the graph K 1,3 is not distance magic with respect to the labeling set {1, 2, 3, 4}. However if we extend the set of labels to {1, 2, 3, 6} or {1, 2, 4, 7} the graph can be magic labelled with magic constants 6 or 7 respectively. Motivated by this observation we have introduced the concept of S-magic labeling in [2] . Definition 1.1. Let G = (V, E) be a graph and let S be a set of positive integers with |S| = |V |. Then G is said to be S-magic if there exists a bijection φ : V −→ S such that x∈N (v) φ(x) = k for every v ∈ V (G), where k is a constant. The constant k is called the S-magic constant. Definition 1.2. Let α(S) = max{s : s ∈ S}. Let i(G) = min α(S), where the minimum is taken over all S for which the graph G admits an S-magic labeling. Then i(G) − n is called the distance magic index of G and is denoted by θ(G).
It follows that G is distance magic if and only if θ(G) = 0. If G is not S-magic for any set of positive integers S, then we say that θ(G) = ∞. Definition 1.3. If a graph G is S-magic, then the magic spectrum of G is defined to be the set of all magic constants that can be obtained through different S-magic labelings of G and is denoted by M(G). Remark 1.4. If φ is an S-magic labeling of G with magic constant k and a ∈ N, then φ 1 : V −→ aS defined by φ 1 (v) = aφ(v) is an aS-magic labeling of G with magic constant ka. Hence if M(G) is non-empty, then M(G) is an infinite set.
As pointed out in [2] , there are graphs which are not S-magic for any set S. For example the Petersen graph, the complete graph K n , where n ≥ 2 and the cycle C n , where n ≥ 5 are not S-magic. In this paper we determine the distance magic index of trees and complete bipartite graphs.
The following theorem by Miller et al. [4] gives necessary and sufficient conditions for distance magic labeling of the complete bipartite and tripartite graphs.
There exists a distance magic labeling of the complete multipartite graph K a 1 ,a 2 ,...,ap if and only if the following conditions hold.
2. n(n + 1) ≡ 0 (mod 2p), where n = s p = |V (K a 1 ,a 2 ,...,ap )|, and 3.
We shall rewrite the third condition in Theorem 1.5 for the complete bipartite graph K m 1 ,m 2 with 1 ≤ m 1 ≤ m 2 and m 1 + m 2 = n.
we get
. Then from (1) we obtain
The inequality (2) reduces to
≥ 0. From the above discussion we formulate the following theorem. Proof. We label the pendant vertices with the labels {1, 2, . . . , r} and the central vertex with the label r(r+1)
2 . This gives an S-magic labeling for K 1,r . Obviously, the magic index is r(r−1) 2 − 1. If T is any tree other than the star K 1,r , then T contains two support vertices s 1 and s 2 and for any labeling f , a leaf adjcent to s 1 and a leaf adjcent to s 2 have distinct weights. Hence T is not S-magic.
We now proceed to determine the distance magic index of some of the standard graphs.
Proof. Since the distance magic index of G is θ, there exists a set S ⊂ {1, 2, . . . , n + θ} with |S| = n and an S-magic labeling f :
Clearly g(x) is a strictly increasing function of x. Hence if a is a non-negative integer satisfying δ(2(n + a) − δ + 1) − ∆(∆ + 1) 2 < 0, then we can conclude that θ(G) > a. Also if a is the smallest non-negative integer such that g(a) ≥ 0, then it follows that θ(G) ≥ a. Now
If g(0) < 0, then the graph G is not distance magic.
Proof. We first determine the smallest non-negative value of x for which g(x) ≥ 0. Let |g(0)| = qδ + r, 0 ≤ r < δ.
We have
If r = 0, then it follows that q is the smallest value of x such that g(x) ≥ 0. Hence θ(G) ≥ q. If r > 0, then θ(G) > q and δ(2(n + q) − δ + 1) − ∆(∆ + 1) + 2r 2 = 0.
Since r < δ,
Thus q+1 is the smallest non-negative value of x which satisfies the inequality g(x) ≥ 0. Therefore we have θ(G) ≥ q + 1. if n(n + 1) < 2m 2 (1 + m 2 ).
Proof. Let U 1 , U 2 be the partite sets of G such that
A labeling of G is S-magic if and only if the sum of the labels assigned to U 1 is equal to the sum of the labels assigned to U 2 . Initially we label U 1 and U 2 with label sets
and it follows that S(
. To make the two sums equal we either interchange labels between L 1 and L 2 or we increase some labels beyond the initial set of labels {1, 2, . . . , m 1 + m 2 }. Case 1. n(n + 1) ≥ 2m 2 (1 + m 2 ) and n ≡ 0 or 3 (mod 4). By Theorem 1.6 the graph K m 1 ,m 2 is distance magic. Hence θ(G) = 0.
Case 2. n(n + 1) ≥ 2m 2 (1 + m 2 ) and n ≡ 1 or 2 (mod 4). By Theorem 1.6 the graph K m 1 ,m 2 is not distance magic. Therefore θ(G) ≥ 1. For G = K 2,3 , the labeling with L 1 = {2, 6} and L 2 = {1, 3, 4} gives an S-magic labeling and hence θ(G) = 1. Now, let m 2 ≥ 4.
We claim that g(0) ≡ 1 (mod 2). Since n ≡ 1 or 2 (mod 4), it follows that n(n+1) 2 ≡ 1 (mod 2). Furthermore, m 2 (m 2 + 1) ≡ 0 (mod 2) and hence
. Since m 1 ≥ 2, it follows that q < m 2 .
Now we proceed to attain equality in the sum of the labels for the two partite sets. We decrease each of the labels m 2 + 1, m 2 + 2, . . . , m 2 + m 1 − 1 in L 1 by q. Hence the resulting label sets for
. We now replace the label m 1 +m 2 ∈ L ′ 1 with the label m 1 +m 2 +1, leaving L ′ 2 unchanged. The resulting sets of labels are
If r = 0, we label the vertices of U 1 and U 2 with the labels L ′′ 1 and L ′′ 2 . Using the relations for S(L ′′ 1 ) and S(L ′′ 2 ) and equation (6), we obtain S(L ′′ 1 ) = S(L ′′ 2 ). Hence this labeling is S-magic. If r > 0, then we interchange the label
The resulting label sets are
2 ). Now we label the partite sets U 1 and U 2 with labels L ′′′ 1 and L ′′′ 2 , respectively. This labeling is S-magic. Since the highest used label is n + 1, we have θ(G) = 1. Note that since q < m 2 , the above steps are valid.
Applying Lemma 2.4 we obtain, θ(G) ≥
We start with the initial labelling as described in the beginning of the proof. In the first step we increase each label in L 1 by q leaving L 2 unchanged. Hence the resulting label sets are L ′ 1 = {m 2 + 1 + q, m 2 + 2 + q, . . . , 2 ) = S(L 2 ). Therefore we label the vertices of U 1 and U 2 with the labels L ′′ 1 and L ′′ 2 , respectively. We have S(L ′′ 1 ) = S(L ′′ 2 ). Hence the labeling is S-magic. Since the highest label used is n + q + 1, we have θ(G) = q + 1. This completes the proof.
Conclusion and Scope
In this paper we have introduced the concept of distance magic index of graphs and determined the same for complete bipartite graphs. Determining the distance
